Enhanced entanglement and asymmetric EPR steering between magnons by Zheng, Sha-Sha et al.
Enhanced entanglement and asymmetric EPR steering between magnons
Sha-Sha Zheng,1, 2, 3 Feng-Xiao Sun,1, 2, 3 Huai-Yang Yuan,4
Zbigniew Ficek,5 Qi-Huang Gong,1, 2, 3 and Qiong-Yi He1, 2, 3, ∗
1State Key Laboratory for Mesoscopic Physics and Frontiers Science Center for Nano-Optoelectronics,
School of Physics & Collaborative Innovation Center of Quantum Matter, Peking University, Beijing 100871, China
2Beijing Academy of Quantum Information Sciences, Haidian District, Beijing 100193, China
3Collaborative Innovation Center of Extreme Optics, Shanxi University, Shanxi 030006, China
4Institute for Theoretical Physics, Utrecht University, 3584CC Utrecht, The Netherlands
5Quantum Optics and Engineering Division, Institute of Physics,
University of Zielona Go´ra, Szafrana 4a, Zielona Go´ra 65-516, Poland
The generation and manipulation of strong entanglement and Einstein-Podolsky-Rosen (EPR)
steering in macroscopic systems are outstanding challenges in modern physics. Especially, the
observation of asymmetric EPR steering is important for both its fundamental role in interpreting
the nature of quantum mechanics and its application as resource for the tasks where the levels
of trust at different parties are highly asymmetric. Here, we study the entanglement and EPR
steering between two macroscopic magnons in a hybrid ferrimagnet-light system. In the absence
of light, the two types of magnons on the two sublattices can be entangled, but no quantum
steering occurs when they are damped with the same rates. In the presence of the cavity field,
the entanglement can be significantly enhanced, and strong two-way asymmetric quantum steering
appears between two magnons with equal dispassion. This is very different from the conventional
protocols to produce asymmetric steering by imposing additional unbalanced losses or noises on
the two parties at the cost of reducing steerability. The essential physics is well understood by the
unbalanced population of acoustic and optical magnons under the cooling effect of cavity photons.
Our finding may provide a novel platform to manipulate the quantum steering and the detection of
bi-party steering provides a knob to probe the magnetic damping on each sublattice of a magnet.
Key words: quantum information, magnon, entanglement, Einstein-Podolsky-Rosen
steering, cavity induced cooling
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1 INTRODUCTION
Hybridizing two or more quantum systems, aiming
at combining complementary functionalities of distinct
systems to obtain multitasking capabilities, is very nec-
essary and crucial for implementing quantum informa-
tion processing [1]. Recently, significant attentions have
been paid to hybrid quantum systems involving magnons,
which characterize a collective motion of a large number
of spins in a macroscopic magnetically ordered materi-
als. It has been both theoretically and experimentally
confirmed that the magnons can be coherently coupled
with various physical systems, including superconduct-
ing qubits [2], phonons [3], microwave photons [4–7],
and optical photons [8, 9]. In addition, the magnons
possess the distinguished advantage of the long life-
time, high spin density, and easy tunability, providing a
promising experimental platform to achieve strong light-
matter interaction. Particularly, the coupling between
magnons with the microwave cavity photons can eas-
ily reach strong-coupling regime [5–7] even ultrastrong-
coupling regime [10–12], leading to cavity-magnon po-
laritons. The photon-magnon polariton provides great
opportunities to study many novel phenomena, such as
level attraction [13, 14], exceptional surface [15], bistabil-
ity [16], nonreciprocity [17], magnon blockade [18], etc.
Furthermore, hybrid quantum systems based on magnons
may pave the way for achieving microwave-to-optical
quantum transducers [19], memories [20], magnon-based
data processing and computing circuits [21], and ultra-
sensitive detection [1] in the area of quantum information
science and engineering.
Quantum entanglement, the key resource for quantum
information, has been extensively studied from the fun-
damental perspective and the applications ranging from
quantum cryptography, quantum computation to quan-
tum metrology [22]. Considerable attention has been
devoted to quantum steering [23, 24], a strict subset of
quantum entanglement. The concept of quantum steer-
ing was originally introduced by Schro¨dinger [25] in re-
sponse to the famous Einstein-Podolsky-Rosen (EPR)
paradox [26, 27], and it describes the ability of one system
to remotely adjust (steer) the state of the other entan-
gled system by local measurements. The presence of EPR
steering enables verification of shared entanglement even
when one party’s measurements are untrusted [28]. This
provides extra security to various information protocols,
such as one-sided device-independent quantum cryptog-
raphy and related protocols [29–32]. In addition, the
research about the quantum correlations between two
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2massive objects is extremely significant from the fun-
damental perspective in terms of quantum-to-classical
crossover [33], macroscopic quantum effects [34], wave-
function collapse theory [35]. Owing to the large size
of the magnon system, hybrid magnonical systems have
emerged as a promising platform to study macroscopic
quantum phenomenon. Recently, several schemes have
been proposed to generate different types of quantum cor-
relations between magnons with photons or phonons [36–
39]. However, whether asymmetric EPR steering can be
achieved in such hybrid systems is not known yet.
In this paper, we investigate the quantum entangle-
ment and EPR steering of two macroscopic magnons in
a two-sublattice ferrimagnetic system coupled to a mi-
crowave cavity. The magnons are directly coupled to each
other due to the exchange interaction between spins on
the two sublattices. We show that magnons can be en-
tangled due to the exchange coupling, while the magnon
modes in ferrimagnet can be stronger entangled than in
the antiferromagnet in the presence of cavity field. More-
over, strong asymmetric two-way steering between the
magnons is generated even if the modes are damped with
the same rates. This is in contrast to the case when the
cavity is absent, in which one-way steering may occur
only when the magnons decay with different rates. More-
over, a stronger steerability can be produced in antiferro-
magnet than in ferrimagnet. These results are shown to
be sensitive to the cooling of the magnon modes by the
cavity mode that the cavity plays a role of a cold bath
which cools the magnons toward their vacuum state. We
find that the cooling effect disappears when one of the
magnon modes and the cavity mode are mutually per-
fectly coherent. As a result, a dip occurs in the enhanced
entanglement at which the degrees of entanglement and
steering are equal to those obtained in the absence of
the cavity. We explain this effect as resulting from the
perfect destructive interference between two channels the
magnon mode and the photon mode are coupled.
2 MODEL AND METHOD
We consider a general model composed of a circularly
polarized microwave cavity and a ferrimagnet consisting
of two sublattices A and B, whose spins in each sublattice
are oriented in opposite directions along the z axis, as
illustrated in Fig. 1. The Hamiltonian of this system is
described by [40]
H = HFiM +Hc +Hint, (1)
where HFiM represents the Hamiltonian for ferrimagnets,
Hc denotes the cavity mode, andHint is the term describ-
ing the magnet-light interaction. These three terms take
𝑆𝐴 𝑆𝐴 𝑆𝐴
𝑧
𝑦
𝑥
𝐻 microwave
version1
Figure 1. Schematic illustration of a two-sublattice ferrimag-
net coupled with a circularly polarized electromagnetic wave.
The red and blue arrows represent the spins on the sublattice
A and B, respectively. H pointing along the z direction is the
external static field.
the following detailed form
HFiM = J
∑
l,δ
(SlA · Sl+δB + SlB · Sl+δA ) +HA +HB ,
Hc = 1
2
∫
dv
(
0E
2
c + µ0H
2
c
)
,
Hint = −
∑
l
(gAµBS
l
A + gBµBS
l
B) ·Hc, (2)
where SlA and S
l
B describe the spin on site l of two sub-
lattices A and B, respectively, δ represents the displace-
ment of two nearest spins, and J > 0 is the nearest-
neighbor exchange integral. The last two terms of HFiM
come from the contributions of the external static field
H and anisotropy field Han,i (i = A,B), respectively,
which read HA = −
∑
l gAµB(H + Han,A) · SlA and
HB = −
∑
l gBµB(H + Han,B) · SlB . The coefficients
gi (i = A,B) and µB are effective g-factor for sublattice i
and the Bohr magneton. Ec and Hc are respectively the
electric and magnetic field vectors of the electromagnetic
(EM) wave inside the cavity, and 0, µ0 are the permit-
tivity and susceptibility in free space, respectively.
To investigate the theory with the Hamiltonian (1), it
is convenient to introduce bosonic photon operators for
the EM wave inside the cavity and magnon operators for
spin waves using Holstein-Primakoff transformation [41].
Then the Hamiltonian is expressed as
H = ωaa†a+ ωbb†b+ gab(a†b† + ab)
+ ωcc
†c+ gac
(
a†c† + ac
)
+ gbc
(
b†c+ bc†
)
, (3)
where a, a† (b, b†) represent the annihilation, creation
operators for the sublattice A (B), respectively, and
c, c† correspond to photons inside the cavity. The pho-
ton frequency is ωc, and the frequency of two magnons
is ωi = ωi,ex + ωi,an + ωi,0 with coefficients ωa,ex =
2ZSBJ, ωb,ex = 2ZSAJ, ωa,an = gAµBHan,A, ωb,an =
gBµBHan,B , ωa,0 = gAµBH, ωb,0 = −gBµBH, in
which Z denotes the coordination number. gab =
2γkZ
√
SASBJ indicates the coupling strength between
two magnon modes, where γk = Z
−1∑
δ e
ikδ de-
scribes the structure factor. The coupling strengths
3between two magnons and the photon are gic =
giµB
√
µ0ωcSiN/2~V (i = A,B). N and V are the num-
ber of spins on each sublattice and the volume of the cav-
ity, respectively. The detailed quantization of the Hamil-
tonian in Eq. (1) is given in Sec. A of the supplementary
material.
We can easily obtain the quantum Langevin equations
(QLEs) from the Hamiltonian (3) when taking into ac-
count the dissipation-fluctuation processes,
da
dt
= −(κa + iωa)a− igabb† − igacc† +
√
2κaa
in,
db
dt
= −(κb + iωb)b− igaba† − igbcc+
√
2κbb
in,
dc
dt
= −(κc + iωc)c− igaca† − igbcb+
√
2κcc
in, (4)
where κa, κb, κc are the dissipation rates of magnon
modes a, b and the photon mode c, respectively. The in-
put quantum noises ain, bin, cin arise from the coupling
with surrounding environments. Here we assume three
modes are in ordinary zero temperature such that the
quantum noise can be characterized by the following cor-
relation function 〈vin(t)vin†(t′)〉 = δ(t − t′) (v = a, b, c)
with zero mean average.
The Gaussian property of input quantum noises and
linearized dynamics guarantee the steady state of the
system is a Gaussian state which can be fully charac-
terized by a canonically conjugate pair of variables for
each mode, the so-called X and P quadratures, in phase
space. The QLEs describing the motion of quadratures
can be written as
u˙ = Mu+ Γuin, (5)
where u = (Xa, Ya, Xb, Yb, Xc, Yc)
T (the superscript T
represents the transpose) with quadrature operators de-
fined by Xv = (v + v
†)/
√
2, Yv = (v − v†)/
√
2i
(v = a, b, c). The corresponding quadrature opera-
tors of noise are u = (X ina , Y
in
a , X
in
b , Y
in
b , X
in
c , Y
in
c )
T
with X inv = (v
in + vin†)/
√
2, Y inv = (v
in − vin†)/√2i
(v = a, b, c). The diagonal dissipative matrix Γ =
diag(
√
2κa,
√
2κa,
√
2κb,
√
2κb,
√
2κc,
√
2κc) and the drift
matrix is given by
M =

−κa ωa 0 −gab 0 −gac
−ωa −κa −gab 0 −gac 0
0 −gab −κb ωb 0 gbc
−gab 0 −ωb −κb −gbc 0
0 −gac 0 gbc −κc ωc
−gac 0 −gbc 0 −ωc −κc
 . (6)
The system is stable only if all the eigenvalues of drift
matrix M have negative real parts. The general stability
condition can be derived from the Routh-Hurwitz crite-
rion [42]. The chosen parameters in the present work
satisfy the stability condition. The steady state of the
system is a Gaussian state with zero mean average, which
can be entirely characterized by a 6 × 6 covariance ma-
trix (CM) V with components Vij = 〈ui(∞)uj(∞) +
uj(∞)ui(∞)〉/2 (i, j = 1, 2, . . . , 6). The steady-state CM
can be obtained by solving the Lyapunov equation MV +
VMT = −D, where D = diag(κa, κa, κb, κb, κc, κc) is dif-
fusion matrix charactering the stationary noise correla-
tions defined by 〈vi(t)vj(t′)+vj(t′)vi(t)〉/2 = Dijδ(t− t′)
(v = Γuin) [43].
We adopt the logarithmic negativity EN to quan-
tify the bipartite entanglement, which has been pro-
posed as a reliable quantitative estimate of continu-
ous variable entanglement [44]. The definition of EN
is given by EN = max{0,− ln 2η−}, where η− =√∑
(V ′)− [∑(V ′)2 − 4 detV ′]1/2/√2 is the smallest
symplectic eigenvalue of the partially transposed CM,
with Σ(V ′) ≡ detVa + detVb − 2 detVab. Here we have
considered the reduced CM of two modes of interest
V ′ =
(
Va Vab
V Tab Vb
)
, where Va and Vb are 2× 2 block ma-
trices corresponding to the reduced states of modes a and
b, respectively. To measure Gaussian steering, we employ
the intuitive and computable quantification recently put
forward in Ref. [45], which is a necessary and sufficient
criterion for arbitrary bipartite Gaussian states under
Gaussian measurements. The steering in two directions
is given by Ga→b = max {0, S(2Va)− S(2V ′)}, Gb→a =
max {0, S(2Vb)− S(2V ′)}, with S(σ) = 12 ln detσ being
the Re´nyi-2 entropy [46]. Ga→b > 0 (Gb→a > 0) demon-
strates that the bipartite Gaussian state characterized by
the covariance matrix V ′ is steerable from mode a (b) to
mode b (a) by Gaussian measurements on mode a (b),
and the larger value of G implies the stronger Gaussian
steerability.
3 RESULTS
In a ferrimagnet the spin amplitudes on the two sub-
lattices are different, i.e., SA 6= SB . This results in un-
equal coupling strengths of the spin waves with the pho-
ton mode (gac 6= gbc). This is in contrast to an antifer-
romagnet in which the spin amplitudes are equal. Thus,
antiferromagnet can be regarded as a special type of ferri-
magnet characterized by equal saturation magnetizations
of both sublattices.
Figure 2(a) shows the dependence of the stationary en-
tanglement EN between two magnon modes a and b on
the external field H/Hsp for different ratios of the spin
amplitudes SB/SA. Here, Hsp =
√
ωb,an(ωb,an + 2ωb,ex)
denotes the spin-flop field in the AFM, i.e., SB = SA.
In the absence of the photon mode c, some degree of the
magnon-magnon entanglement is obtained (EN = 0.68),
which is independent of H/Hsp. When the two-sublattice
ferrimagnet is coupled to the photon mode the entangle-
ment is enhanced relative to the value obtained in the
absence of the photon mode. The enhancement is seen
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Figure 2. (a) Variation of the magnon-magnon entanglement
measure EN with H/Hsp for the magnons coupled to the pho-
ton mode c and for different spin amplitudes SB/SA. The
green long dashed horizontal line indicates the degree of en-
tanglement between the magnons in the absence of the mode
c for SB/SA = 1.6. The inset shows the variation of the
maximum value of the magnon-magnon entanglement with
the ratio SB/SA when optimizing the external field. The
blue solid and red dashed traces correspond to the cases
when the magnons are respectively coupled to and decou-
pled from the photon mode. (b) Variation of the steering
parameters Ga→b (solid lines) and Gb→a (dashed lines) with
H/Hsp in the presence of the photon mode c for SB/SA =
1.3 and SB/SA = 1. Other parameters are: photon fre-
quency ωc/Hsp = 0.85, ωa,an = 0.0163ωb,ex, κa = κb =
0.001ωb,ex, κc = 0.003ωb,ex, gac = 0.01ωb,ex, thus ωb,an =
(SB/SA)ωa,an, gbc = gac
√
SB/SA, and gab =
√
SB/SAωb,ex.
We take ωb,ex = 1 throughout, so all parameters are measured
relative to this quantity.
to occur at a specific value of H/Hsp that EN displays
peaks emerging from the background value of EN = 0.68.
The position of the peaks varies with SB/SA that the
peaks move from positive to negative values of H/Hsp
when SB/SA is varied from SB/SA < 1 to SB/SA > 1.
Moreover, the significant enhancement of entanglement
occurs for SB/SA > 1/2. This is shown in the inset of
Fig. 2(a), where we plot the variation of the maxima of
the EN peaks with SB/SA. It is evident that in the pres-
ence of the photon mode the maxima of EN (blue solid
line) are significantly higher than those in the absence
of the photon mode, and the enhancement clearly oc-
curs for SB/SA > 1/2. The explanation will follow from
the analysis of the populations of the Bogoliubov modes
presented in Fig. 5.
The enhancement of entanglement results in the cre-
ation of quantum steering between the magnon modes.
This is illustrated in Fig. 2(b) which shows the Gaus-
sian steering parameters Ga→b and Gb→a as a function of
H/Hsp for κa = κb and two different values of SB/SA;
SB/SA = 1.3 and SB/SA = 1. It is seen that in the
absence of the photon mode quantum steering between
the magnon modes cannot be created if the modes are
damped with the same rates, κ1 = κ2. The effect of
coupling the magnon modes to the photon mode is seen
to create quantum steering between the modes. In the
case of ferrimagnet (SB/SA = 1.3) quantum steering is
stronger than that for antiferromagnet (SB/SA = 1).
However, in both cases, an asymmetric two-way steer-
ing is observed that Ga→b is always larger than Gb→a.
Note that this system creates asymmetric quantum steer-
ing without imposing additional conditions of asymmet-
ric losses or noises of the subsystems. In addition, we can
also see that the enhancement of steering is maximized
at the same value of SB/SA at which the entanglement
is maximized.
We have seen that in the absence of the photon mode
there is no quantum steering between magnons when the
modes are damped with the same rates. However, if
the modes are damped with different rates (κa 6= κb),
one-way steering with either Ga→b > 0, Gb→a = 0 or
Gb→a > 0, Ga→b = 0 can be created in the absence of
the photon mode. This is shown in Fig. 3 where in frame
(a) we plot Ga→b and Gb→a as a function of κb/κa for
SB/SA = 1, and in frame (b) we plot Ga→b and Gb→a
as a function of SB/SA for κa 6= κb. The effect of un-
equal damping rates is seen to create one-way steering
between the magnon modes. Once κa 6= κb, one-way
steering is created with the maximum value attained at
SA = SB . The role of dissipation in spintronics and
magnetism is not well understood as it is of fundamen-
tal interest to determine the efficiency of spintronic de-
vices. For a ferromagnet, the damping can be well char-
acterized by ferromagnetic resonance. However, for a
ferrimagnet/antiferromagnet the magnetic resonance can
only give limited information about the relaxation of col-
lective excitation and fails to account for the damping
of each sublattice. We suggest that observation of an
asymmetric EPR steering can be used as an alternative
method of determining damping rates of the two sublat-
tices. This may serve as a useful supplement to the tra-
ditional methods of detection of magnetic damping and
could further help us to understand the inter-sublattice
spin pumping effect among the sublattices of a magnet.
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Figure 3. (a) Variation of Ga→b and Gb→a with the ra-
tio κb/κa when the magnon modes are decoupled from the
photon mode c and for SB/SA = 1. (b) Illustration of
the variation of the one-way steering parameter Gb→a with
ln (SB/SA) for κb/κa = 0.8. Other parameters are: ωa,an =
0.0163ωb,ex, κa = 0.001ωb,ex, ωb,an = (SB/SA)ωa,an, and
gab =
√
SB/SAωb,ex.
4 DISCUSSION
In order to understand the essential physics of the re-
sults presented in Figs. 2 and 3, in particular, the pro-
cess of enhancement of the magnon-magnon entangle-
ment, the dependence of the positions of the peaks on
H/Hsp, and the creation of asymmetric steering between
the magnons, we diagonalize the Hamiltonian (3) by in-
troducing two Bogoliubov modes
α = cosh ra+ sinh rb†,
β = sinh ra† + cosh rb, (7)
where tanh 2r = 2gab/(ωa + ωb), and α and β satisfy the
bosonic commutation relations. In terms of the Bogoli-
ubov modes the Hamiltonian (3) becomes
H = ωαα†α+ ωββ†β + ωcc†c
+ gαc
(
αc+ α†c†
)
+ gβc
(
β†c+ βc†
)
, (8)
where gαc = gac cosh r − gbc sinh r, gβc = −gac sinh r +
gbc cosh r are the coupling strengths between the Bo-
goliubov modes and the photon mode, and ωα =
(ωa − ωb +
√
(ωa + ωb)2 − 4g2ab)/2, ωβ = (−ωa + ωb +
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Figure 4. (a)-(b) Variation of the frequencies of the Bogoli-
ubov modes ωα,β , the photon mode ωc, and the eigenmodes of
the coupled system ω1,2,3 with H/Hsp for two different values
of the ratio SB/SA: (a) SB/SA = 1.3 and (b) SB/SA = 1.0.
Note that ωβ and ωc superpose to form the ω2 and ω3, while
ωα is left unchanged and forms ω1. (c)-(d) The populations
of modes α, β and c plotted as a function of H/Hsp for two
different values of the ratio SB/SA: (c) SB/SA = 1.3 and
(d) SB/SA = 1. The populations refer to the mean numbers
of magnons and photons, i.e., 〈α†α〉, 〈β†β〉, 〈c†c〉, which are
dimensionless quantities. Other parameters are the same as
in Fig. 2.
√
(ωa + ωb)2 − 4g2ab)/2 represent respectively the opti-
cal (higher frequency) and acoustic (lower frequency)
magnon bands.
In Fig. 4 we plot the eigenfrequencies ω1,2,3 of the cou-
pled system together with the frequencies of the Bogoli-
ubov modes ωα,β and the photon mode ωc as a function
of H/Hsp for the case SB/SA = 1.3 (frame (a)), compar-
ing them with the case of antiferromagnet, SB/SA = 1
(frame (b)). We also plot, in frames (c) and (d), the
populations of the Bogoliubov modes and the photon
mode. Referring to the results for the magnon-magnon
entanglement and quantum steering (Fig. 2), we see that
the enhancement of the entanglement and steering oc-
curs when the acoustic magnon mode β is resonant with
the photon mode c, i.e., when ωβ = ωc which takes place
at H/Hsp ≈ −0.25, 0.15 for SB/SA = 1.3, 1.0, respec-
tively. Note that the magnon states should be around the
ground state when using Holstein-Primakoff transforma-
tion, and therefore, the external static field H is negative
to guarantee the stability of the ground state for the case
when SB/SA > 1.
4.1 Role of the cavity cooling
The enhancement of the magnon-magnon entangle-
ment can be well understood through cavity cooling
6of the Bogoliubov modes toward their joint ground
state [39]. We can reformulate the magnon eigen-
modes α = S(r)aS†(r), β = S(r)bS†(r) where S(r) =
exp[r(ab− a†b†)] is a unitary two-mode squeezing opera-
tor. Clearly, the superposition magnon modes α, β result
from a two-mode squeezing transformation of modes a
and b with squeezing parameter r. For an ideal two-mode
squeezed vacuum state |r〉 = S(r)|0a, 0b〉, the entangle-
ment is known as EN = 2r = arctanh[2gab/(ωa+ωb)]. We
can see that the ratio of gab/ωa,b determines the degree of
squeezing as well as entanglement between modes a and
b. With our parameters gab =
√
SB/SAωb,ex, ωa + ωb =
(SB/SA + 1)(ωb,ex + ωa,an), the maximal entanglement
(ground-state) should be EN = arctanh[2gab/(ωa+ωb)] ≈
1.91 for SB/SA = 1.6. However, in the absence of light
the achieved state is not an ideal two-mode squeezed vac-
uum state, we can calculate the logarithmic negativity
based on its CM matrix and obtain EN ≈ 0.67 for the
case SB/SA = 1.6, as indicated by the green long dashed
horizontal line in Fig. 2(a). When the magnons couple to
the photon mode, we can see from Eq. (8) that the pho-
tons play as a cold bath to cool the mode β toward its
ground state (i.e., the squeezed vacuum state of modes
a, b) by the beam-splitter-type coupling gβc(β
†c+ βc†),
and consequently the entanglement of the state is en-
hanced.
To further analyze the cooling effect, we may refer to
the populations of the Bogoliubov modes α, β and the
photon mode c, shown in frames (c) and (d) of Fig. 4.
We see that the population of the mode β is significantly
reduced and reaches the minimum value at the anticross-
ing point. At this point the population of the photon
mode 〈c†c〉 takes the maximum value. This means that
the cooling effect is most efficient at the anticrossing
point due to the strong coupling between the magnon
modes and the photon mode. As a result, the maximal
enhancement of entanglement is obtained at the same
point. It is worth pointing out that in the case of the fer-
rimagnet (SB/SA 6= 1), shown in Fig. 4(c), the popula-
tion 〈β†β〉 achieves minimum value which is smaller than
that achieved in antiferromagnet (SB/SA = 1), shown in
Fig. 4(d). This explains why the enhancement of entan-
glement and quantum steering for the ferrimagnetic case
illustrated in Fig. 2 is much stronger than those for the
antiferromagnetic. Note that the population of the mode
α remains almost unchanged since the frequency of the
mode ωα = ω1 which is decoupled from the frequency of
the photon mode.
The fact that among three modes only the mode β is
cooled in the system also helps us to understand why the
magnon-magnon entanglement is almost equal to that in
the absence of light for SB/SA < 1/2, as seen in the
inset of Fig. 2(a). Figure 5 illustrates the variation of
the squeezing parameter r and the coupling strength gβc
with SB/SA. It is apparent that the squeezing parameter
r and especially the coupling strength gβc are small at
SB/SA < 1/2. Moreover, in this region the population
of the photon mode c is nearly zero. Also in this region
the populations of the modes α and β are almost the
same and independent of whether the modes are coupled
to the photon mode or not, i.e., 〈α†α〉 ≈ 〈α†α〉one and
〈β†β〉 ≈ 〈β†β〉one. Clearly the cooling effect is completely
suppressed in this region. Therefore, no enhancement of
entanglement is observed for SB/SA < 1/2 even in the
presence of the photon mode.
The behavior of the populations of the modes α and
β, shown in Figs. 4(c) and (d), can also help us to ex-
plain why the steering Ga→b is always larger than Gb→a,
the property shown in Fig. 2(b). Since the difference of
populations of modes a and b can be expressed in terms
of the populations of the superposition modes α and β,
i.e., 〈a†a〉 − 〈b†b〉 = 〈α†α〉 − 〈β†β〉, the fact that the
mode β is cooled by the photons while the mode α is
decoupled from photons leads to the population 〈α†α〉
always larger than 〈β†β〉. This means that 〈a†a〉 > 〈b†b〉,
and thus Ga→b > Gb→a. More detailed analysis is given
in Sec. B of the supplementary material. Note that
in the absence of light, steering between two magnons
Ga→b = Gb→a = 0, as we assume the identical dissipation
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Figure 5. (a) The squeezing parameter r and the coupling
strength gβc plotted as a function of spin amplitudes SB/SA
for the optimized external field H. (b) The populations of the
modes α, β and c when the magnon modes are coupled to the
photon mode. Black stars represent population of the mode α
(〈α†α〉one) and red triangles represent population of the mode
β (〈β†β〉one) when the magnon modes are decoupled from the
photon mode. The parameters are the same as in Fig. 2.
7rates of two magnons κa = κb (see Sec. B of the supple-
mentary material for the analytical expressions). Thus,
instead of the enhancement of entanglement, steering be-
tween two magnons that have equal dissipation rates can
be only created with the assistance of photons. This pro-
vides an alternative way to create asymmetric steering
beyond adding asymmetric losses or noises to the sub-
systems.
4.2 Role of the first-order coherence between the
magnon and photon modes
We have seen that in the presence of the photon mode
the entanglement and quantum steering are much more
enhanced in the case of ferrimagnet (SB/SA 6= 1) than
for antiferromagnet (SB/SA = 1). We may attribute
the difference in the enhancement of entanglement to the
presence of the first-order coherence between the magnon
mode b and the photon mode c. The degree of the first-
order coherence between modes b and c is given by
γ
(1)
b,c =
|〈b†c〉|
〈b†b〉1/2〈c†c〉1/2 . (9)
Figure 6(a) shows γ
(1)
b,c as a function of gac for fixed gbc
and the same choice of the damping rates as in Fig. 2.
The degree of coherence exhibits a pronounced very nar-
row peak located at gac ≈ gbc with the maximum value
close to one (γ
(1)
b,c = 0.92). In other words, the modes
are mutually almost perfectly coherent. The degree of
coherence is significantly less than one (γ
(1)
b,c < 1/2) for
all values of gac different than gbc. The reason for the
enhancement of the coherence can be attributed to inter-
ference between two channels through which the modes
b and c are coupled. One of the channels is the indirect
coupling through the mode a; b − a − c, and the other
channel is the direct coupling b − c. For fixed gab, an
asymmetry between gac and gbc, gac 6= gbc makes the
probability amplitudes of the two channels to be differ-
ent. Let gacψ1 describes the probability amplitude of the
b−a− c channel and gbcψ2 describes the probability am-
plitude of the b − c channel. Then the total probability
of the b− c transition is
|Ψbc|2 = |gacψ1 + gbcψ2|2
= g2ac|ψ1|2 + g2bc|ψ2|2 + 2gacgbcRe(ψ∗1ψ2), (10)
which for fixed ψ1 and ψ2 attains a maximum for gac =
gbc.
The reason that for gac ≈ gbc the degree of coherence
is smaller than one can be attributed to the fact that
the modes are damped with different rates, κb 6= κc, i.e.,
the channels could be partially distinguished through the
different damping rates of the modes. When the modes
decay with the same rates κb = κc, the modes can be
mutually perfectly coherent for gac ≈ gbc. This is shown
in Fig. 6(b) where we plot γ
(1)
b,c for the same parameters
as in Fig. 6(a) except that the damping rates are now
equal, κa = κb = κc.
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Figure 6. (a) Degree of the first-order coherence γ
(1)
bc be-
tween the magnon mode b and the photon mode c plotted
as a function of gac with damping rates κa = κb = 0.001ωb,ex,
and κc = 0.003ωb,ex. (b) same to (a) but with κa = κb =
κc = 0.001ωb,ex. (c) Variation of the populations of the
modes α, β and c with gac. (d) Variation of the magnon-
magnon entanglement measure EN (blue solid) and the steer-
ing parameters Ga→b (green dash-dotted) and Gb→a (black
dotted) with the coupling strength gac when the magnon
modes are coupled to the photon mode c. The horizontal
red dashed line indicates the magnon-magnon entanglement
when the magnons are decoupled from the mode c. Other
parameters are ωa,an = ωb,an = ωan = 0.0163ωb,ex, ωc/Hsp =
0.85, H/Hsp = 0.15, gbc = 0.01ωb,ex, gab = ωb,ex.
It is clearly seen that the degree of coherence equals
unity for the value of gac ≈ gbc. In other words, the
modes b and c are mutually perfectly coherent. When
two modes are perfectly coherent, then maximal con-
structive or destructive interference between these modes
could occur leading to the cancellation of the population
of the mode c. This is shown in Fig. 6(c) where we plot
the populations of the modes as a function of gac for the
same parameters as in Fig. 6(b). It is clear that the pop-
ulation of the magnon mode c is reduced to zero for the
value of gac ≈ gbc. At the same point, the population of
the magnon mode β exhibits a strong peak. Clearly, the
magnon modes are heated instead of being cooled when
gac ≈ gbc. This observation agrees with the picture of
cavity cooling described by the Hamiltonian (8), in which
the coupling strength of gβc = −gac sinh r+gbc cosh r de-
termines the performance of cooling effect and gβc = 0
when gac ≈ gbc. It is interesting that γ(1)bc = 1 even if the
mode c is completely depopulated. This surprising be-
havior is an example of an interesting phenomenon called
induced coherence without induced emission [47].
8The zero value of the population 〈c†c〉 at the dip in-
dicates that the interference is perfectly destructive and
the population is not effectively transferred from b to c.
Thus, the system behaves as it would not be coupled to
the photon mode. This is reflected in the behaviours of
entanglement and quantum steering. In Fig. 6(d) we plot
EN , Ga→b and Gb→a as a function gac for the same val-
ues of the parameters as in Fig. 6(b). We see that EN
and Ga→b,Gb→a display a dip for gac ≈ gbc instead of
being constant over the entire gac. The minimum values
of the dips corresponds to the values of the entanglement
and steering obtained in the absence of the photon mode,
gac = gbc = 0. In other words, the values of the entan-
glement and quantum steering of the modes a and b at
the dips are reduced to those obtained in the absence of
the mode c.
Although the modes b and c are mutually perfectly
coherent, the visibility of the interference pattern can
be zero such that the modes can be completely dis-
tinguishable. The visibility V and distinguishability D
are related through the expression of complementarity,
|V|2 + |D|2 ≤ 1. When |V| = 1 then |D| = 0 which means
that the modes are indistinguishable. On the other hand,
when |V| = 0 then |D| = 1 that the modes are perfectly
distinguished. The visibility and distinguishability are
given by
|V| = 2|〈b
†c〉|
〈b†b〉+ 〈c†c〉 ,
|D| = |〈b
†b〉 − 〈c†c〉|
〈b†b〉+ 〈c†c〉 . (11)
Since for gac ≈ gbc the population of the mode c is zero,
we see immediately that |D| = 1. In this case the modes
are completely distinguishable. Correspondingly, no en-
hancement of entanglement and the creation of quantum
steering could be observed. On the other hand, when
gac 6= gbc, the population 〈c†c〉 6= 0, indicating that
the modes are no longer completely distinguishable. The
lack of perfect distinguishability of the modes results in
the enhancement of entanglement between the magnon
modes.
Finally, we comment about the possible experimental
demonstration of the entanglement and EPR steering be-
tween two magnon modes. To measure the quadratures of
the magnon modes it is required to couple the magnons,
via the beam-splitter-type interaction, to an additional
weak microwave field with the dissipation rate signifi-
cantly larger than that of the magnon modes. In this
case, the magnon state can be read out via the output
of the auxiliary microwave cavity mode, and the corre-
sponding covariance matrix can be detected via balanced
homodyne detection [43, 48].
5 CONCLUSION
In conclusion, we have shown that the presence of
a cavity field can significantly enhance entanglement
between two magnons in a two-sublattice ferrimagnet.
The cases of antiferromagnet and ferrimagnet are stud-
ied in details. We have found that the enhancement
of the entanglement is strong enough to generate two-
way Einstein-Podolsky-Rosen (EPR) steering between
the magnons. We have shown that in the presence of
the cavity field a better entanglement and steering can
be created in ferrimagnet than in antiferromagnet. We
have found that in the absence of the cavity field no
quantum steering can be generated when the magnons
decay with the same rates. However, one-way steering
then occurs when the magnons are damped with differ-
ent rates. Moreover, the magnons are better steered in
antiferromagnetic than in ferrimagnetic system. Detec-
tion of asymmetric EPR steering between the magnons
is suggested as a way to determine the dissipation rates
of the sublattices. The underlying physics is explained in
terms of cooling of the magnon modes by the cavity pho-
tons, where the cavity plays the role of a cold bath which
cools the magnons toward their vacuum state. We have
also found an interesting interference effect in the system
which destroys the enhancement of the entanglement and
EPR steering by the creation of the perfect mutual coher-
ence between one of the magnon and the cavity modes.
It is found that the modes being mutually perfectly co-
herent are completely distinguishable. We would like to
point out that our results contribute towards a better un-
derstanding of the generation and manipulation of quan-
tum correlations in deep strong coupling regime. Since
the magnons are macroscopic excitations of a magnet, the
scheme discussed in this paper also provides a promising
platform to study the macroscopic quantum phenomena
such as the entanglement of massive objects and a possi-
ble way to test decoherence effects.
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R&D Program of China (Grants No. 2018YFB1107200
and No. 2016YFA0301302), the Key R&D Program
of Guangzhou Province (Grant No. 2018B030329001),
and Beijing Natural Science Foundation (Grant No.
Z190005).
SUPPLEMENTARY
In this supplement, we give detailed derivation of the
Hamiltonian (1) in the main text in Sec. A, and in Sec. B
we derive analytical expressions for the steering parame-
ters which show how the steering of the modes is related
to the populations of the modes and their damping rates.
9A. The derivation of the Hamiltonian (1)
To quantize the Hamiltonian Eq. (1) in the main text,
we first introduce bosonic magnon operators by applying
Holstein-Primakoff transfromation [41]
S+A,l =
(√
2SA − a†l al
)
al,
S−A,l = a
†
l
√
2SA − a†l al,
SzA,l = SA − a†l al, (12)
for spin operators on each site l in sublattice A, and
S+B,l = b
†
l
√
2SB − b†l bl,
S−B,l =
(√
2SB − b†l bl
)
bl,
SzB,l = b
†
l bl − SB , (13)
for spin operators on the site l in sublattice B. S±u,l =
Sxu,l ± iSyu,l(u = A,B) are the spin raising and lowering
operators on site l. The introduced magnon operators
al, a
†
l for the sublattice A and bl, b
†
l for the sublattice B
satisfy the bosonic commutation relations. In the low-
temperature limit, HFiM becomes
HFiM = ωa
∑
l
a†l al + ωb
∑
l
b†l bl
+2
√
SaSbJ
∑
l,δ
(albl+δ + a
†
l b
†
l+δ), (14)
where ωi = ωi,ex + ωi,an + ωi,0 (i = a, b). The three
terms composing the frequency ωi originate from the ex-
change interaction between the sublattices A and B, the
anisotropy of the field and the presence of the external
static field, respectively. The coefficients are ωa,ex =
2ZSBJ, ωb,ex = 2ZSAJ, ωa,an = gAµBHan,A, ωb,an =
gBµBHan,B , ωa,0 = gAµBH, ωb,0 = −gBµBH, with Z
denoting the coordination number.
We then introduce Fourier transformation,
al = N
−1/2∑
k
eik·Rlak,
a†l = N
−1/2∑
k
e−ik·Rla†k,
bl = N
−1/2∑
k
eik·Rlbk,
b†l = N
−1/2∑
k
e−ik·Rlb†k, (15)
to rewrite HFiM in momentum space as
HFiM =
∑
k
[ωaa
†
kak + ωbb
†
kbk + gab(akbk + a
†
kb
†
k)], (16)
where N is the number of spins in each sublattice, Rl is
the vector pointing from origin to the lth site on the sub-
lattice, and the coupling strength between the magnon
modes is gab = 2γkZ
√
SASBJ . γk = Z
−1∑
δ e
ikδ de-
scribes the structure factor. Here, ak, a
†
k (bk, b
†
k) re-
fer to the magnon annihilation and creation operators in
momentum space with wave vector k on the sublattice A
(B), meeting the commutation relations for bosons.
For the electromagnetic wave inside a cavity, the elec-
tric and magnetic field vectors in a finite volume V take
the following form
Ec = i
√
~ωk
40V
∑
k
[
u(k)cke
ik·r − u∗(k)c†ke−ik·r
]
,
Hc = i
√
µ0~ωk
4V
∑
k
k×
[
u(k)cke
ik·r − u∗(k)c†ke−ik·r
]
,
(17)
where c†k and ck are photon generation and annihilation
operators in the momentum space that satisfy the Bo-
son commutation relations, and u(k) is the polarization
vector of the wave. By substituting the electric and mag-
netic fields into Hc, we obtain the quantized Hamiltonian
of the circularly polarized microwave
Hc =
∑
k
ωkc
†
kck, (18)
with ωk being the frequency of the photon mode.
Taking the expressions of the quantized magnons
and photons into account, the interaction Hamilto-
nian Hint between the ferrimagnet and the microwave
can be simplified as Hint =
∑
k[gac(akck + a
†
kc
†
k) +
gbc(bkc
†
k + b
†
kck)], where the coupling strength gic =
giµB
√
µ0ωcSiN/2~V (i = A,B). Note that the inter-
actions between the cavity with two types of magnons
are different. The essential physics behind is that the
spin orientation of sublattices A and B are opposite, i.e.,
the magnons excited on A and B have opposite angular
momentum. One can see that the bosonic magnon op-
erators a and b defined on two sublattices are different,
as can be seen from Eqs. (12) and (13). In the spin-
up sublattice A, the effect of spin raising operator S+A
decreases the spin deviation from the equilibrium posi-
tion. This corresponds to an annihilation process and
is represented by the bosonic magnon annihilation op-
erator a. In the spin-down sublattice B the situation
is different, the spin raising operator S+B increases the
spin deviation from the equilibrium position. This cor-
responds to a creation process and is represented by the
bosonic magnon creation operator b†. Therefore, the two
types of magnons are coupled with photons in different
ways. Applying the Holstein-Primakoff transfromation,
the coupling Hamiltonian
∑
i∈A,B(c
†S−i +cS
+
i ) takes the
form (c†b+c†a†+cb†+ca). Thus, photon mode c couples
to the magnon on sublattice A through the parametric-
type (two-mode squeezing) interaction, while it couples
to the magnon on sublattice B via the beam-splitter-type
interaction.
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Above all, we obtain the total Hamiltonian in the mo-
mentum space
H =
∑
k
[
ωaa
†
kak + ωbb
†
kbk + gab(a
†
kb
†
k + akbk)
]
+
∑
k
[
ωkc
†
kck + gac
(
a†kc
†
k + akck
)
+ gbc
(
b†kck + bkc
†
k
)]
.
(19)
We consider the case of k = 0 in this paper because
photon can be strongly coupled with magnon only at k =
0 [39, 40]. Then the resultant Hamiltonian reads
H = ωaa†a+ ωbb†b+ gab(a†b† + ab)
+ ωcc
†c+ gac
(
a†c† + ac
)
+ gbc
(
b†c+ bc†
)
, (20)
which is given in Eq. (3) of the main text.
B. The magnon-magnon steering in terms of
populations
In this Appendix we demonstrate that the Gaussian
steerability between the magnon modes is related to pop-
ulations of the modes, and give analytical expressions
which explicitly show that one-way steering occurs be-
tween the modes when the modes are unequally pop-
ulated. Then, we derive analytical expressions for the
steering parameters which explicitly show that in the ab-
sence of the cavity mode, one-way steering is possible
when the modes are damped with different rates.
In the present scheme, the reduced CM of modes a and
b can be further expressed as
V ′ =

na 0 c1 c2
0 na c2 −c1
c1 c2 nb 0
c2 −c1 0 nb
 , (21)
where V11 = V22 = na = 〈a†a〉 + 1/2, V33 = V44 =
nb = 〈b†b〉 + 1/2, V13 = −V24 = c1, V14 = V23 = c2
with components Vij = 〈ui(∞)uj(∞) + uj(∞)ui(∞)〉/2
(u = (Xa, Ya, Xb, Yb, Xc, Yc)
T, i, j = 1, 2, . . . , 6) defined
in the main text. Then the Gaussian steering parameters
can be simplified to the following form
Ga→b = max {0, S(2Va)− S(2V ′)}
= max {0, 1
2
ln
detVa
4 detV ′
}
= max {0, 1
2
ln
n2a
4 detV ′
},
Gb→a = max {0, S(2Vb)− S(2V ′)}
= max {0, 1
2
ln
detVb
4 detV ′
}
= max {0, 1
2
ln
n2b
4 detV ′
}, (22)
with Va =
(
na 0
0 na
)
, Vb =
(
nb 0
0 nb
)
.
It is clearly seen from Eq. (22) that when the pop-
ulations of the modes a and b are equal, we can have
either symmetric two-way steering or no steering. When
na > nb, we have three regimes of the parameters where
different steering properties could be observed. Namely,
when n2a > n
2
b > 4 detV
′, two-way asymmetric steer-
ing with Ga→b > Gb→a occurs; one-way steering with
Ga→b > Gb→a = 0 occurs when n2a > 4 detV ′ ≥ n2b , and
no steering takes place when 4 detV ′ > n2a > n
2
b .
In the absence of the cavity, the CM of the modes a
and b can be significantly simplified. In this case, the
elements of the matrix take the following form
na =
g2ab(κa + κb)κb
De
+
1
2
,
nb =
g2ab(κa + κb)κa
De
+
1
2
,
c1 =
−gabκaκb(ωa + ωb)
De
,
c2 =
−gabκaκb(κa + κb)
De
,
De = (κaκb − g2ab)(κa + κb)2 + κaκb(ωa + ωb)2. (23)
Then the steering in two directions become
Ga→b = max {0, 1
2
ln
n2a
4 detV ′
},
= max {0, ln |1 + 2g
2
ab(κb − κa)κa
De+ 2g2ab(κ
2
a + κ
2
b)
|},
Gb→a = max {0, 1
2
ln
n2b
4 detV ′
}
= max {0, ln |1 + 2g
2
ab(κa − κb)κb
De+ 2g2ab(κ
2
a + κ
2
b)
|}. (24)
Clearly, in the case of κa = κb, no steering is observed,
Ga→b = Gb→a = 0. In other words, in the absence of the
cavity mode, there is no steering between magnon modes
which are damped with the same rates. When κa 6= κb,
one-way steering occurs that the mode of smaller damp-
ing rate steers the mode of larger rate. For example, if
κa < κb, then Ga→b > 0 and Gb→a = 0, i.e., one-way
steering occurs in the direction a→ b.
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